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MEAN WAVES IN LAMINATED RANDOM MEDIAt

FrRANZ ZIEGLER]

Institute of Technology, Vienna. Austria

Abstract—Stochastic displacement equations of laminated random media are obtained by employing a simple
version of the so-called “effective stiffness” theories of laminated media. A perturbation procedure leads to
deterministic equations for mean wave propagation. Special attention is given to uncoupled modes of mean
waves propagating perpendicular or parallel to the direction of the layering, and dispersion relations for those
plane wave trains are established.

1. INTRODUCTION

IN RECENT years a dynamical continuum theory for layered media has been developed by
Herrmann, Achenbach, and coworkers [1, 2]. This theory, which approximately describes
the dynamic behavior of laminated composites for small amplitude elastic waves, has been
worked out in detail for a medium of alternating layers of two homogeneous isotropic
materials. It has been shown [2] that the dispersion of plane harmonic free waves, traveling
parallel to the layering in an unbounded medium, is sufficiently well described by this
theory. It was pointed out by Herrmann and Achenbach [3] that this approximate theory,
which was termed the “effective stiffness theory”, bears close resemblance to theories of
linear elasticity with micro-structure.

In this paper the simplest possible version of the effective stiffness theory, which was
discussed in Ref. [4], is used to describe wave propagation phenomena. It is assumed,
however, that the soft layers have random inhomogeneities, i.e. the Lamé parameters and
the density of the soft layers fluctuate in a random manner about the constant mean values.
Since the spatial derivatives of the elastic parameters do not vanish, additicnal terms appear
in the displacerient equations of motion, and the equations have become linear partial
differential equations with stochastic coefficients. Their solutions are, therefore, random
waves, and the displacement is a random vector-valued function u of the position vector
and time. In this paper statistical information on the above-mentioned stochastic process
is obtained by assuming that the statistical properties of the random inhomogeneities are
known.

Keller [5] has developed a perturbation theory for linear stochastic equations which
generally leads in an “honest way™§ to deterministic equations for the expected solution.
Whenever the stochastic deviations of the random coefficients are small in comparison to
their mean values, this perturbation theory yields a mean solution, which is exact within
the framework of the correlation theory. In the relatively simple case of harmonic elastic

t Part of this paper was presented under the title “ Wave Propagation in Laminated Random Media” at the
TUTAM 12th International Congress of Applied Mechanics, Stanford, California, August 26-31. 1968,

1 On leave of absence during 1967-1968 as Visiting Scholar at the Technological Institute, Northwestern
University, Evanston, Illinois.
§ This term was created by Keller, cf. Ref. [1], p. 228.
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wave motionin linear elastic, random inhomogeneous media, Karal and Keller [6]employed
this theory to study plane wave motion of the expected displacement vector. As a mair:
resuit the dispersion equations for free harmonic mean waves were derived, which separate
into equations for mean longitudinal and mean transverse wave types, respectively. As a
consequence of the inhomogeneity of the material, the mean waves are found to be dispersive
and attenuated, i.e. the wave number of the mean wave is a complex number and the real
part is a function of the frequency. The perturbation theory for the scalar wave equatior:
with random coefficients is also extensively discussed in [5] and extended by Chen [7] to
propagation of scalar waves in discontinuous random media.t

In this paper the above-mentioned perturbation theory is applied to the stochastic
displacement equations of motion to derive deterministic, i.e. sure equations for b
expected wave or, with a different viewpoint, to define a deterministic but artificial mate::;
from the statistical properties of the random material, in which then the mean wios
propagates alone. The mean wave solution—or coherent wave-—is not a complete solution.
The perturbation theory is, however, also applicable to derive higher order wave approy:
mations, e.g. to find approximate stochastic equations for the incoherent random wave.
from which the variance of the displacement and various correlation functions car: *
calculated, thus describing the total solution in a more complete manner. In this paper
however, the attention is focused on the properties of the coherent wave portion. Hieraret:
equations of statistical moments,} illustrating the properties of the stochastic incoheren®
wave portion in connection with laminated random materials, will be the subject of o
forthcoming paper.

The main analytical results of the theory of mean waves will be dispersion relations o
plane harmonic mean waves propagating parallel and perpendicular to the layering, The:z
relations will not be established until after making considerable simplifying assumptions,
e.g. the inhomogeneity of the matrix material will be described by a single stochastic proces:
with sample functions varying over the layer thickness only. Using the spectral density
function and the formulas of Wiener and Khinchine in Section 5 of this paper. the process
is restricted to an ergodic process, and later on being specified as a homogeneous band
limited “‘flat spectrum’ process. Although other types of stochastic inhomogeneity pro-
cesses are discussed briefly, the analysis will be worked out in detail only for the abov:
specified process. The choice of a “"white noise” inhomogeneity process as a limiting case
is not compatible with Keller’s perturbation theory, which will be discussed in Section 5
as well.

2. THE DISPLACEMENT EQUATIONS OF MOTIOM

The version of the effective stiffness theory, which will be used in this paper, was
derived in [3], equations (34), by simplifying the general theory, and was ccnstruvted ina
heuristic manner in [4), for a body with periodically arranged layers of sofi and stiff
materials. The assumptions of this simpler theory restrict the interaction betweer- reinforc-
ing sheets and matrix layers, by allowing the matrix layers to store strajs ¢nergy as an
elastic continuum, and permitting the reinforcing sheets to store strain energy unly from
uniaxial deformation and from flexure. By limiting the further analysis to plane strain and

+ A comprehensive survey of literature is given in “Wave Propagation in Random Medisi " by *. Frisch if

Ref. [8]. ‘
+ Briefly discussed in context with scalar processes by Keller [5], Section 3.
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assuming plane stress throughout the thickness of the reinforcing sheets, the following
energy densities for the reinforcing and matrix layers are then obtained:
Strain energy densities:
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Kinetic energy densities:

2T, = p (i +%?) (1.3)
2T, = polti® +Ww?). (1.4)

In equation (1.1) C, and D, denote stretching and bending stiffnesses of the reinforcing
sheets, respectively, being defined as
hE, D - h*C,

C, = , ,
T (=3 4 12

(1.5,1.6)

where h is the constant thickness of the reinforcing sheets, and the constants E, and v, are
Young’s modulus and Poisson’s ratio, respectively, of the stiff reinforcing material. The
constant mass density of this material is denoted by p,. The properties of the inhomogeneous
soft matrix layers of constant thickness H are defined by Lamé’s coeflicients 4,,(x, z) and
UaX, z)and the material density p,(x, z). The coordinate system (x, z) and the corresponding
displacements (i, w) are shown in Fig. 1. From the expressions (1.1) to (1.4) the approximate
total strain and kinetic energy density of the laminated composite is calculated by taking
the weighted sum of the strain and kinetic energy densities of the two layers:

U=nU;+(1=nU, (1.7)

T=nT;+(1-nT, (1.8)
where

n = h/(h+ H). (1.9)
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FiGg. 1. Configuration of the laminated random medium.
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The energies stored in a volume R of the laminated medium are achieved by integrating
the densities (1.7, 1.8) over this volume. Finally, by employing Hamilton’s principle, see
for example Ref. [4], and by taking into account that 4,,, u, and p,, are not constants, the
following stochastic displacement equations of motion are obtained :

0%u o%u 0*w
2 q0U o, CU 2
(vml +v )axz +vm2 622 +(Uml vm2) ax 62
(1.10)
+ o2 @4_6_“_} %+% 6(/1,,,4-‘ 2.“"')._{_6_“) ?_’i’l‘ = 6_21_4
0z x| 0z  Ox Ox 0z ox | ar?
0%u 0w 0w O*w
(Uin—Uiz)m-*—vyznzai'*vrﬁxé?—‘lzvzaj
Ou Ol  OW O(Ap+2u,) [Ou ow\ou o*w
20 77 o m__=rm gy my 77
* l:&x 0z 0z z 8z+8x) 8x] or? (L11)
where
pe = npr+(1—=n)p, (1.12)
o = (1—n)/p, (1.13)
Ot = 0% (A +2t) (1.14)
02, = alu, (1.15)
v? = nCy/(hp,) (1.16)
and
I = h*12. (1.17)

The characteristic length [ relates the effective stiffness theory to a simple version of the
theory of elasticity with micro-structure.t The mathematical difference between the dis-
placement equations of motion (1.10, 1.11), based on an effective stiffness theory, and the
corresponding equations of an effective modulus theoryi is the appearance of spatial
derivatives of order higher than two. In the simple theory presented here a fourth order
term is in equation (1.11). It was shown by Achenbach [4], who derived equations (1.10,
1.11) for constant matrix-material properties, that the dispersion of the lowest mode of
vertically polarized shear waves, i.e. SV-waves, propagating parallel to the layering, can
be approximately described. The dispersion of other wave types with propagation directions
either parallel or perpendicular to the layering, which is expected to occur in a laminated
composite as well, is, however, beyond the range of this simple theory. The more general
effective stiffness theory employed in [2] for homogeneous matrix material describes the
dispersion properties of various wave types, propagating either parallel or perpendicular
to the layering, thereby improving the theory employed in this paper to a great extent.
Further improvement, as pointed out in [2], can only be accomplished by considering the
higher wave modes in the approximate displacement distributions. Since this is a first study
of the influence of inhomogeneities in the matrix layers, the simplest version of the effective

T Cf. [3], particularly equation (33).
1 Cf., e.g. the references numbered 1 through 4 of [2].
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stiffness theory, equations (1.10, 1.11), should be adequate to show the effects on dispersion
and attenuation of those waves.

The equations (1.10, 1.11) are linear partial differential equations with stochastic coeffi-
cients A,(X, z), X, 2), pm(x, z). To decrease the number of parameters, the inhomogeneity
of the soft matrix material is restricted assuming v,, and p,, as constants. Hence

2
o? = const, A, = Vi, V= (_liv—i;.nxﬁ,,,) = const. {1.18, 1.19)

In this manner only the shear modulus is left to be prescribed in an appropriate way. In
view of Keller’s method employed in the following paragraph, it is assumed that the shear
modulus can be expressed as

HnlX, 2) = 1 +Eu(X, 2) (1.20)

where i is the constant mean value and p(x, z) is the random deviation.

3. KELLER’S PERTURBATION THEORY

In [5], Keller developed a perturbation procedure for linear stochastic operators which
generally leads to deterministic equations for the expected solution. This procedure is
employed for the displacement equations of motion (1.10, 1.11), which can be written in
matrix form as

Mu =0 2.1)

where M is a stochastic partial differential matrix operator, which, in view of equation (1.20),
can be expressed as the sum of two operators

M = L+¢L, (2.2)

where L is the constant coefficient deterministic, i.e. sure operator for the case of homo-
geneous soft layers with constant material parameters 1, ji and p,,, whereas ¢ is a measure
of the departure of the material properties of the soft layers from the homogeneity which
is expressed by equation (1.20), and L, is a perturbing random operator representing the
effects of inhomogeneity. After some manipulations and taking expectations in equation (2.1)
by inserting equation (2.2), the following deterministic equation for the mean wave {u) is
derived :t

(L—&*(L;L™ 'L >)Xu) = 0+0(e’) (2.3)

which becomes an explicit equation for (u) when the o(¢®) term is omitted. It may be of
interest to note that equation (2.3) does not depend on the sign of ¢ in equation (2.2). The
operator L', the inverse of the operator L, appearing in equation (2.3) can be repre-
sented as an integral operator. Its kernel is the Green’s dyadic G(r, r') of the background
medium.

T Cf. Keller [5], equation (11) with (L,) = 0.
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For future reference the matrix operators L and L, which are obtained from equations
(1.10, 1.11), are written explicitly as

v —_—
8x aZ Lul Lwl
L = . L= (2.4a, b)
Lu2 Lw?.

where the operators with constant coefficients in L are given by
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and the operators with stochastic coefficients in L, are expressed by
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The constants a°, b? and b? are
a’= 0%+ 02, b?* = #1 ~03 = o} (V + Vi, b? = v —v3 = 2+ Dulx,z)  (2.11)

and the coefficients ¢, 3 and v, v3 are expressed by equations (1.14, 1.15) replacing
/4m> hm DY the constant values 4, fi, and A(x, z), u(x, z), respectively, and omitting the index m
on the left side. Hence, because of assumption (1.19) it follows, e.g. v = a?(v +2)u(x, z), etc.

Equation (2.3) was solved by Karal and Keller [6], Section 4, for much simpler operators
L, L~} L,, which were appropriate to a randomly inhomogeneous isotropic linear elastic
infinite medium, by assuming {u(r)> as a plane wave given by

Qur)> = A eior gk, (2.12)

As a general result the longitudinal and transversal mean waves were found to be un-
coupled, dispersive, and attenuated. Special results were obtained by choosing a special
form for the autocorrelation function of the homogeneous density process

R(r)={p*>e™"" (2.13)

and assuming constant elastic parameters. Similar results were derived for electro-magnetic
waves, specializing L, L™ !, and L, from Maxwells’ equations. A fast growing literature
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exists on wave propagation in “weakly”’ random media,} especially in the fields of electro-
magnetic waves (cf. Liu [9]), and above all in scalar wave propagation, where the approach
of Chernov [10] is successfully applied. The recent article by Frisch in [8] covers the entire
field of wave propagation in random media. Chen and Tien [11] applied equation (2.3) to
the problem of heat conduction in a half-space with random thermal diffusivity, specializing
L,L™ ! and L, from the one-dimensional heat conduction equation.

Equation (2.3) must always be completed by the determination of the inverse operator
L1, which is expressed through Green’s matrix and depends on the parameters of the
background medium. The effective stiffness theory of laminated solids provides a kind of
“homogeneous” background medium because the operator L, ¢f. equation (2.6a), has
constant coefficients. In the subsequent section the Green’s function of a laminated back-
ground medium consisting of double layers of homogeneous soft and stiff materials is
considered.

4. GREEN’S DYADIC FOR A LAMINATED BACKGROUND MEDIUM
WITH HOMOGENEOUS STIFF AND SOFT LAYERS

The Green’s dyadic of the background medium is the solution of the inhomogeneous
deterministic equation

L*G(x, z; X, 2) = 18(x —x")(z — 2) {3.1)

where the time dependence of the source term has been omitted and L* is the corresponding
time reduced operator L, expressed by equation (2.4a). The identity matrix is denoted by L
Considering only waves of the form (2.12), a corresponding time harmonic source is
introduced by equation (3.1). The solution of this equation is easily obtained by employing
the double Fourier transformation with respect to x and z. Hence, multiplying the equa-
tion (3.1) by exp(—ifx} and exp (—i{z), integrating then with respect to x and z from minus
infinity to infinity, solving further the resulting system of linear algebraic equations for
components of the transformed dyadic, we obtain

- G, G,
G 0) = { 6. G;}, (3.2)
wherein
Gy = — (= +038 + 31+ Pv?EY)/N (3.3)
Gy, = B*ELN (3.4)
Gy = (= +@°8 +530%)/N (3.5)
N = [~ @? + 3 + B33 — 0® + 53E2 + 0302 + 2o E*) — (B2EL>. (3.6)

The inversion of expression (3.3 through 3.5) is given by the double integrals

_ 1= [
Gifxr, 2)) = 4—7{2{ f Gf& DexpliEx, +Lz)]dEA.  (L)=12 (37

 The term is taken from papers dealing with electro-magnetic waves. Weakly random media are defined as
media having only small random deviations from a homogeneous ““background” medium. The background
medium has the average material parameters. In [9] even a background medium which has deterministic inhomo-
geneities is considered.
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where

Xy o= N X oy oL (3.8}

The procedures for evaluating these integrals are not further discussed, because in the
course of this paper only the transformed expressions (3.3 through 3.5) are required in
establishing equation (2.3).

5. AVERAGE MOTION IN THE LAMINATED RANDOM MEDIUM

In evaluating equation (2.3) the interest is focused on the basic solutions of the mean
waves, especially on the time harmonic train of plane waves

<u> — A eimt eik(nlx+nz:) {4 ”

where n,, n, denote the directional cosines of the propagation direction with respect to
the x- and z-axes, and w and k denote circular frequency and wave number, respectively.
The phase velocity is determined by

cp = wjk. 4.2)

With the basic solution (4.1) in mind, equation (2.3) can be handled in a straight-
forward way without explicit knowledge of the Green’s matrix in the original space of the
background medium.t

The average expression {(L,L 'L >{u) in equation (2.3) can be evaluated in a simpler
way considering the identity

(LL7'L > {w) = <LL7 L)) (4.3)

and equation (4.1). Inserting the Green’s dyadic with components (3.7) into (4.3), it renders
the expressions

; R Filxy, z1)
-1 = ik(nix+nyz) ik{nix; +naz1) 1WA 1 d d 4.4
WL Ly = ek [ fowilon g @

where F; and F, depend on the various correlation functions of the random processes
u(x, z) and u'(x,z) and} on the first and second orders spatial derivatives of the Green’s
functions (=;ij X;, z). In (4.4) the two-dimensional random process u(x, z) is assumed to be
defined by the product

px, z) = pi(x)ua(z) 4.5)

where 1, and p, are statistically independent homogeneous random processes. To simplify
the further analysis with respect to the number of statistical parameters involved and
because of the greater physical significance only the z-dependence is taken into considera-
tion. Hence,

wx, z) = p(z). (4.6)

t The subsequently demonstrated procedure simplifies also the problems treated in [6], where the Green's
dyadic in its natural form is considered. .
* The prime denotes the partial derivative with respect to x and z, respectively.
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For this case the functions F; and F, are listed in Appendix A.t The autocorrelation function
of the homogeneous process (4.6) depends solely on z, = z—z" and is denoted by {

a2z = R(zy4). 4.7
Furthermore,
() = Sizy) (4.8)

denotes the covariance of the process dy/dz, and

U E) = T(zy),  HEM2)) = Tzy) = T(-zy) (4.9)

denote the cross correlation functions of the processes du/dz and u, respectively. The
application of the operator L, equation (2.4a), to the expression (4.1), and taking into
account the partial result (4.4), yields the coupled linear equations

Alw? +(ik)*(@*n? + 02n2)] + B(ik)*b*nyn,

[e¢] o0
- SZJ f Fy(xy, z;) e~ *Mmmitmad dx, dz,
-0 e ¢}

(4.10)
A(kY2b*n ny + Blw® + (k)2 (033 + 52n3) — Po*(ikn)*]

o oo
= Ezf f Fy(xy, zg) e~ *mxitnz) 4y, dz,
o0 e ol

where the factor exp[i{wt + kn,x + kn,z)] has been cancelled. The kernel functions Fi(x, z,)
and F,{x,. z;) are listed in Appendix A.

The lfeft hand sides of these equations are exactly the equations derived by Achenbach
in [4]. It can easily be verified from equation (4.10) with ¢ = 0, that various wave modes
can be treated independently, e.g. choosing B = 0,n, = 0,n; = land 4 = 0,n; = O,n, = 1
leads to the solution of P-waves traveling parallel and perpendicular to the layering, the
special values A =0, n; =0, ny =1 and B=0, ny =0, n, = | determine S-waves
travelling parallel as SV- waves and perpendicular to the layering. From these wave modes
only the SV-type is found to be dispersive, which is a consequence of the simple version of
the effective stiffness theory employed. From equation (4.10) the SV-dispersion relation
for the background medium reads because of B # 0 like this

w? —(ki,)? —(Ivk?? = 0 (4.11)
or in terms of the phase velocity (4.2)

¢ = 53+ (vky)? (4.12)

where k; = ki is a dimensionless wave number, ! expressed by equation (1.17). To improve
the results of equation (4.12), 73 is replaced by the known squared value of the limiting
t+ Itshould be noted that the subsequently demonstrated procedure for the further evaluation of the expression

(4.4) 1s equally well applicable to the more general case when equation (4.5) is valid.
1 For details ¢f. Ref. [12], chapter 18.
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phase velocity for vanishing wave number of SV-waves according to the exact solution as
derived in {15], equation (17), as follows
0% - 53, = — -—“——~Q 4.13
P edt—nt i)
where p, is the shear modulus of the stiff reinforcing sheets. From equations (1.15) and
(1.12, 1.13) it follows with /i instead of y,, that

Pc
which is independent of the elastic material parameters of the stiff layers. An improvement
of the present theory can be achieved by replacing all the parameters @*, 7, and the above
discussed 73 by the corresponding limiting phase velocities for vanishing wave numbers
of the special single wave systems with propagation directions parallel or perpendicular
to the layering, respectively, as tabulated, e.g. in [2].

The Fourier type integrals, which enter the right hand side of equations (4.10), represent
the effect of the random inhomogeneities of the soft material layers up to the order &°.
A close inspection of these integrals, Fy , given in Appendix A, reveals that they can be
reduced to a single integration of the functions G;, equations (3.3 through 3.5), weighted
by a factor which can be expressed by the known spectral density functions of the processes
1{z) and @(z). The spectral density of, an. at least, weakly stationary, i.e. homogeneous, and
ergodic random process is related to its autocorrelation function by the formulas of Wiener
and Khinchine, see, e.g. Lin [14], p. 58 %

[STS)

PO(s) = f Rizye™ dzy, R(z,) %{J‘ D(sye "1 ds {4.15)
where the spectral density function is denoted by ¢(s). Hence. as an additional assumption
the process (z) is understood as an ergodic process, see, e.g. [13]. The spectral densities of
w(z) and y/'(z) will be denoted by ¢(s) and y(s), respectively, and the cross correlation of these
two processes will be set zero in the further analysis.i For the sake of brevity the procedure
of simplifying the integrals F, , is only shown for the first two non-zero terms of F, , which
are characteristic of all the terms forming F, , ; see Appendix A. Denoting the integrals by

o X 10

] == j j FI(X, .Z;)el—ik(nlx‘+n2:l)dxl dZ, = 2 Ii (416)
o W i=1
X By . 10

i :f J Folx,, z,) e kmxiimsd gy dz = Y I, (4.17)
= o o o i=1

the first term of F; integrated with respect to x; renders

I, = ay,a f j 0 Gll(xl"'l)R( Je et gy dz,

- a“a“(iéff il 2R e & dzy

TThe factor (27) ™ !, for the sake of convenience, is shifted to the inverse integral of ([)(s).‘
1 The effect of correlation of the processes u(z) and p'(z) will be discussed after equation (4.26)
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where
é = knl, C = knz. (418)

Then, using equation (4.15) the second transformation can be performed as follows

1 RO oc _ i
R f f G(& 20)B(s)e %95 dz, ds
e (4.19)

— a2y, [ Gus+ Do ds

where G, is expressed by (3.3) if { is replaced by {+s. Although the second term of F,
includes derivatives of G, with respect to zy, it can be handled in a similar way as demons-
trated above. The interchange of integrals renders in this case
o] w© 27
I, = bl‘a4f f ﬁl—éi)i—lﬁljlz(zl)e“i(éx‘ﬂz”dxl dz,
oY —o z
1 (4.20)

= byt f s+ 072 Gru(e s+ OD(s) ds
7[ hanie o}

where a factor of highest order s* appears in the integrand. The expressions I3 through I,
and II, through II,, evaluated in a similar manner are listed in Appendix B. A necessary
condition for the existence of the various integrals over an infinite range of s is the vanishing
of the integrands at infinity. This condition excludes the choice of a white-noise process u(z)
since ¢(s) = const for all s. The autocorrelation function is given by

R(zy) = d(z,). (4.21)

The more realistic case of u(z) being a stationary band limited ““flat spectrum’ process will
be studied in the further analysis. It has the properties

) ® Is| < a
O(s) = { 0 Mo 4.22)

R(z)) = ﬂf" sin(az,) (4.23)

az,

and renders a finite range of s-integration of the integrals I, II. The exponential function
(2.13) denotes the autocorrelation function of a so-called “random telegraph wave”
process.t The corresponding spectral density has the form
2aR(0)
§) = —, —00 < 8§ <0
®) 1+(as)?
where a is a measure of the correlation distance of the u(z)-process. For s — oo, ®(s) ~ 572,
and the corresponding integrands in I and 1I converge to zero for s - co. A table of other
frequently applied correlation functions with their corresponding spectral densities is
presented as Appendix III in Lin [14].

+ The choice of this process implies an additional layering within the matrix layers, where u(z) takes on the
values _—t\/R(O) over layer thicknesses which are randomly distributed. The sign changes are generated by the
state changes of a Poisson process of mean count rate 1/2a, i.e. the probability that no sign changes take place in
distance Z > 0 is given by exp(—Z/2a).
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Further evaluations of the integrals I; and 11, require a specialization of ¢(s), which will
be chosen, for the sake of convenience, in the form (4.22). Hence, the process yu(z) can be
represented by the series expansion

eed

wz) =y

sin a(z —z,)
W
k=— o a(z—z,)

, e = wzy), 2, = knfa, k =0, +1, +2,...

which converges in the mean-square sense with the sample values g, having zero mean and
being uncorrelated.t After inserting equations (3.3), {4.22) into (4.19), I, becomes

I = —ay,0E%(®o/2m) f Gyt s+0) ds 4.24)
and (4.20) renders

Lo = ~bua@o20) | (407G (& 5+0 ds. 429

Similar expressions are derived for all the other integrals I; and II; being dependent on
basic integrals of the form

I, ;; = f FGifes+0ds,  k=0,1,2,3 (4.26)

which after evaluation render transcendental functions of ¢ and { and the probabilistic
parameter a. This method can be applied in the same manner to the integrals arising from
non-zero cross-correlation functions 7(z,) and T(z,) with the associated cross spectral
densities +is®(s). The non-zero contributions to I and II are real and thus the waves
remain unattenuated. Hence, the consideration of the correlated processes u(z) and u'(z)
will not influence the character of the results derived later.

A. Dispersion relations of plane waves propagating perpendicular to the layering

Corresponding to the uncoupled plane wave systems travelling parallel or perpendicular
to the layering in the background medium, the uncoupled plane mean waves propagating
perpendicular to the layering of the averaged stochastic medium will be treated first. They
become dispersive from the random inhomogeneities of the matrix material, yet remain
unattenuated. For these waves n; = Oand n, = 1. Since ¢ = Qand { = k, equations (4.10)
yield

_ kot * k(s+k)?—5*s+k)
2 2 .2 - 427
A {w (kvy))*+e > @, J:a FrrA 5—ds 0 { )

(4.28)

" - 22
Q+k(s+ky —s (Sd”f}ds} ~0

Blw® —(ki,)? "(2+‘7‘)82kﬁi®o f
! 27 B3(s + k)* — w*

—a

 The properties of the sampling functions are discussed in [12], p. 18.11.
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where A is the amplitude of S-waves and B is the amplitude of P-waves. The formal relation
Y(s) = s2®(s) is considered in the above given equations. The evaluation of the integrals
renders the dispersion relations

A #£0:
a®,| o a(a+2k)—k*(1-f3)
B = Bk — 0)+¢? (Uz) [mln(_]) 2= k2(1-/f§
ala+2k)y+ k(1 — p2) (429
2 aa U=
B I a2 R ﬁs]
B#0:
IR Y EANCE ala+2k) — k2(1—/;,%)
Pi = Bilke 7 (u1> 4a [(4”)/3” Z1yata—2k)— k31— B2)
(4.30)

a(a+2k) +k*(1 — p3) :l
(~D"ala—2k)+k*(1 - B7)

where m must be chosen even for 0 < k < 4/2 and odd for k > a/2. The wave number k
and the dimensionless phase velocities

Bs = cs/v2 = w/(kvy)
Bp = cp/vy = w/lkvy)

of S- and P-waves, respectively, are real. The limiting phase velocities for k — 0 are given

+(1+ 83 In

4.31)

by
4
B3k — 0) = 1_2529%(1_% (4.32)
Bk - 0) = 1+ (B +V)(2 +V)e? %(Uﬁ) (4.33)
1

The expressions (4.29, 4.30) become simpler when only terms up to the order £2 are retained.
With # = 1 within the brackets of these expressions the phase velocities are given explicitly
by

2 2 N zad)() )a_ 4% a+2k

ﬁS - ﬁs(k O)+8 7 (1-)2) 4q n(—l)’"(a—Zk) (434)
oy o[ 2] CER6 a2k

By = Brtk —~ 0)—¢ - (51) ia ln(‘m (4.35)

where m is chosen even for 0 < k < a/2 and odd for k > a/2. Since the dispersion within
the background medium is neglected, the results are restricted to long wavelengths solution,
i.e. k(h+ H) < 1. In addition, in the case k < a the logarithmic functions in those expres-
sions with m even can be approximated by the first term of a Taylor expansion

In Z + 2]’: ~ dkfa+o(k*/a®)

thus the squared phase velocities become proportional to (k/a)*.
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B. Dispersion relations of plane waves propagating parallel to the layering

Another more significant case deals with the propagation of mean waves parallel to
the layering, which implies n; = 1.1, = 0, £ = &, { = 0. The evaluation of the integrals
{4.26) is much more laborous in this case than in the above treated case, because & = k
and { - s inserted in equations (3.3 through 3.6) do not simplify the expressions G;;.
which form the integrands

Gk, 0,5) = ~(~w?+53k* +Po?k* + v1s?)/N (4.36)
Gi.lk, w,s) = b*ks/N 4.37
Gyak, w,8) = (—w* +a*k? +53s%)/N (4.38)

N = [ —w? +a*k? +0357][ —0? +i3k? + Pv2k* + 51s?]— (B2ks)®.  (4.39)

Considering the coefficients in F, , given in Appendix A, which reduce to the expressions

by, = —(Q2+W)A4k?, by, = ikB {4.40)
B,, = — Bk, B,, = ikvA (4.41)
ay = —Q+9)2A4Ak%, Ay = —(2+7V)Bk? (4.42)
ay; = ik(2+¥)B, Azy = ik¥2+ V)4 (4.43)

equations (4.10) will not immediately decouple to single equations for each of the ampli-
tudes of the P- and SV-waves considered. Terms of order ¢* lead to coupling between
these two waves, and equations (4.10) define the amplitude ratio for each pair of frequency
and wave number, for which such a wave system exists in the mean. Equations (4.10)
become the homogeneous system

A[DE—e*m (k. w, a)] — £* Bm,(k, w,a) = 0 {4.44)
— &2 Amy(k, w, a)+ [DE —&*my(k, 0, a)]B = 0 (4.45)
where
Amylk, w, a)+ Bmalk, w,a) = 1 {4.46)
Ams(k, 0, a)+ Bmylk, o, a) = 11 4.47)
and
D3 = w?—(ak)?, D% = ®—(0,ky —IPvk*. (4.48)

In terms of I; and II;, Appendix B, the myk, w, a} are given by

Amyk, w,a) =1, + 1, + 1, +1g+ 1o {4.49)
Binytk, w,a) = Ly+ s+l +1; + 1y (4.50)
Amstk, 0,a) = 1, + M+ s+ 1+, {4.51)
Bma(k, @, a) = 11, + 115 + 117 + g + 1L, (4.52)

Although the coefficients by, , Byy, a3, 42, are complex, the expressions m, through m,
turn out to be real, and the amplitudes A and B retain, therefore, real constants. To evaluate
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the basic integrals (4.26), the four zeros of the denominator (4.39) are determined through
the plus and minus roots of

, _ H(@3D}+3DF +(B*k)* £ 5]

ST G (4.53)
where
S = (s1—s3)(3:02)°
= {[#3D3—53DZ]> +(B2k)* + 2bk)*[53 D} + 53D3]} 2 (4.54)
ands? < s?.
Since N = (3,7,)*(s> — s3)(s* — s3), equation (4.26) becomes
v, = L% = S-‘[siz In Sz—silln 51] (4.55)
v, = f SZ% =S s, InS,~s,InS] (4.56)
v, = fas“% - (512;;)24—5“‘[53 InS,—snS,] 4.57)
where s; > 0, s, > 0 and
a s;+a
i e e L T b @9
The integers m and n are determined by
a<s, <sy... mneven
S, <a<$sy... meven,nodd;. (4.59)
S, <$; <a... mnodd

The integrals (4.26) which contain odd powers of s vanish identically. Considering this
fact in the integrals I;, II,, it turns out that m,(k, w, a) = ms(k, w, a) = 0. The vanishing of
these coeflicients decouples the equations (4.44, 4.45) into the two independent equations

A[DE —e*myk, w,a)] = 0 (4.60)
B[D# —&*my(k, w,a)] = 0 (4.61)

where the independent dispersion relations for mean P- and mean SV-waves are derived by
simply considering 4 5 0 and B # 0, respectively. The coupling between the two random
wave modes, which is expected to occur as an effect of the random inhomogeneities, does
not affect the corresponding mean waves up to the order ¢2. The evaluated non-zero
integrals I, 1,, 1, Ig, I, and 11,, 115, I, lg, II, are listed in Appendix C, from which
the expressions (4.49) and (4.52) are calculated, rendering
2 41,2
mytk, , a) = —2(1+9)(i“—) %o Do 2k (S“ In Sl—%ln s,| @462
2

Uz

2—
T (ak) n 2a8

5y
a®, a*k? (S, Sas

m4(k, w, a) =_T[_2—a§—(—57_ In SI—‘gln Sz) (463)
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where
Sip = =21 +Wiist +[(2+V)Ds —k*67) +vD; + (1 +9)2(V k)2 )sT + (2 +9)°DEk>  (4.64)
Sy = [VD3 + Q2 +V)Dj — (1 +9)203k? ~(0:k)]s +k*D} (4.65)

and S,,, S, are given by (4.64,4.65) replacing s, by s, . while D3, D3 are expressed by (4.48).
Some interesting properties of m; and m, can be shown by expanding the logarithmic
terms having arguments expressed by (4.58). for a <€ s, and s, < a, respectively. The first

expansion
mxzfaAQaAleasz at ,
Sa—d Sy 352 0 E ’ @<, (4.66)
renders for k — 0 from equations (4.60. 4.61)
Bik - 0) = 1—¢? 2 tv (f) ) (4.67)
2 \al «
) '\ 2
Bk —0) = 1+ ( ) Rl [1 . ( Oi) “%]zl(é) K2 (4.68)
v s 2\, = Vs,

where f, = cp/a and Bg = cg/0, are the dimensionless phase velocities of P- and SV-waves,
respectively. A second expansion

- ) 4
In iz_if _ %2 [l + 8224—0( %2 )J 5, €a (4.69)
a—s, 3
renders instead of equations (4.62, 4.63) the expressions
2a® a(I) k2 S 2S
mikow,a) = —2(1+0)| | £k - ! “lins, - =12 (470)
b, = n 2a(v1L72) (51—92) 54 a
® k2 N 28
mlk, w,a) = =0 — o2, - T, @70
4 2a(vlvz) (s?—s9)\ s, d

Taking into account terms of the order ¢* in ¢%m, 4, these expressions become considerably
simpler because D3 and D3 become zero in m, and m,, respectively. From equation (4.53)

it follows that -
(0,0,)%s? = 03D% +(b*k)* ... is valid in the expression m,,

(0,8,)%s? = 3D} +(b%k)* .. .is valid in the expression m,.

In either case s, = 0. Equations (4.64, 4.65) then reduce to

2 443
Sy = _k4[(1+ﬁ)17,2+vz(1«lzkz)][l—ﬁ(;) (1+ JFV-XPkZH
1

(4.72)
S12 = Q492K (1 + )57 +0v?(1 — Pk?)
and k452 2
Syp = [ (1493 +(7 4+ 147 + 992 +2v3)( ) (1—17k?)
2+V U2
v\* |
+(2+§)(_—) (l—lzkz)lJ (4.73)
Uy
Sar = —k* [1+v+ ) (l—lzkz)]
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Finally, equations (4.60, 4.61) take on the form

Bt = (cp/a)* = 1+& 2"1(‘(1()2‘1) (4.74)
, v\? my(k, a)
i = (cs/t2)* = 1+(”5';) (kD)* +¢ (5,2 (4.75)
where
mea) o ot a® ot acbcpf)z
@ = MG T TEey) T \a
e[l o} o
1 1
and

2 “t{ 4
[1 e +v)( ) (1 —kzl"'):l {—{2(1 +)?
25‘

+(7T+14v +9¥ +2v3)( )(1~k2l2)+(2+v)( )(I—kzl"‘){{ In S,

+(2+v)[1+v+( )(1 kzlz)]} 477

The limiting velocities for k — 0 in the particular case, where @ > s; > s, are given by

ot a®y

Btk — 0) = 1-2(1 +7)¢? @7 n (4.78)
5 _ o[ 2, ot a®fk
Bk - 0) = 1+1 (02) k*+e A (a Saa 4.79)

where the constant S, depends on the elastic parameters of the background medium, and
is given by

27~1
Sy = [1+§+(2+5)(51) } [4+96+7\72+2x7~”
2z
v 2 v 4
+(9+150+9\72+2\73)(l;)—) +(2+\7)(5») ] (4.80)
2 2

In equations (4.76, 4.77) the approximation (a/(2s54))In S; = 1 has been applied in regard
to the case s; <€ a. The limiting values, given by equations (4.78, 4.79), differ from those
derived for a < s, considerably, ¢f. equations (4.67, 4.68).

Contrary to the previous case of equations (4.29, 4.30yand (4.32, 4.33) the phase velocities
expressed in equations (4.78, 4.79) are found to be strongly dependent on the elastic para-
meters of the background medium, including some of the properties of the reinforcing sheets.
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6. CONCLUSION

The simple version of the effective stiffness theory expressed by the stochastic displace-
ment equations of motion (1.10, 1.11) is employed for the determination of a deterministic
system of equations (2.3) for mean wave solutions propagating in the laminated solid.
Mean wave modes traveling parallel and perpendicular to the direction of the layering
are considered, by assuming a wide-band flat spectrum process, see equations (4.22, 4.23),
for the elastic parameters of the soft matrix material. Keller’s perturbation method is modi-
fied by introducing the spectral densities of the random coefficients, see equations {4.24,
4.25), which makes it possible to use the Fourier transformed Green’s dyadic of the back-
ground medium, thus simplifying the theory of the mean wave equations to a great extent.
As a main result, the mean P- and S-wave modes propagating in x- or z-direction are found
to be uncoupled, dispersive, yet non-attenuated waves. The dispersion relations are given
in explicit form in equations (4.32 through 4.35) and (4.60, 4.61) and (4.76, 4.77) for those
wave systems. The additional dispersion, which occurs in the mean waves, is found to be
proportional to the variance of the random parameters and dependent on the band limit
of the spectrum of these parameters. Through the appliance of the effective stiffness theory
to the background medium, see [4], it has become evident that the theory is more suitable
for describing waves propagating parallel to the layering. The waves traveling perpendicular
to the layering of the random medium are found to be dispersive, cf. equations {4.34, 435),
yet the phase velocities are independent of the elastic parameters of the stiff reinforcing
sheets. However, the waves propagating in x-direction are dispersive, their phase velocities
being strongly dependent on the elastic properties of the reinforcing sheets, ¢f. equations
{4.78 through 4.80).
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APPENDIX A

The averaged expressions (4.10) are determined from the two components

_ o* a* =
a 4Fy(xy,2y) = [Rll(zl) +R12(21)5 2+R13(21) }Gn(xx,zl)

2 2 2

0 d a J d
+ [Rm(zl)m‘*R15(Z1)5)13+R16(21)5;+R17(Z1)5;+R1s(21)52]

= & o 1=
% Gyalxy, 21)+[ RIQ(ZX)M+R20{ZI}5)Z}GZZ(X1 22y}

and

_ o* d1l=
" Fxy,zy) = [sz(zl)@“FRzz(Zﬂé;]Gx1(Xx,Zx)

0% ik o2 0
{st(zx) +R24(Zx) +R25( 1)@ 2+R26(Z1) +R27(ax) ]

2 2

0 0 =
XGZI(xlazl)+ [RZB(ZI) +R29(21)a 5+ Raolz) = ]G 2Axy, z4)

where
Rii = a1 R(zy)+ a5, T(zy) Ry = (14+V)R,
Ry; = b R(z))+ b, T(zy) Ry, = VR,
Ryy=by;T(z)+byi8(z) Ryz = {(1+V)R
Ris = (1+V)Ry; Rzs =Ry,
Ris = A11R(zy)+ A5, T(zy) Rjs = Ry,
Ri¢ = By R(z,)+ B, T(z,) Rs¢ = VR,
Ri7 = Ry; Ry7 = a;T(z)+a,,S(zy)
Rys = B T(z,)+ B,,S(z,) R;s = Ry
Ris = (1+V)Ry6 Ry = Ry

R20 = ng R3O = AIIT(21)+AZIS(ZI)
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by = —k*{A[1+{1 +9)ni]+ Bany(1 )}

by = ik(An, + Bny)

By = —k*{An;ny(1 +V)+ B[1 +(1 +¥n3]}

B, = ik[Avny + B2+ V)n,)

Uy = (249),,, Amy = (24918, m=12

The correlation functions R(z,), T, T, S(z,) are expressed in equations (4.7-4.9); (ij(x, LZ¢)
is given formally in equation (3.7).

APPENDIX B

The integrals which determine the expressions (4.16, 4.17) are expressed in part by
equations (4.19, 4.20) and from the following table

I = bt @) | i +0G(E 50 P ds

L= —(147by ¢ [ r06.e 5008
n - o3

I = "‘Au“‘tfz(Z”)ﬂJ‘ G 5(& s+ B(s)ds
Io = —Byyo*Qm) f T (402G a(E s+ OB(s) ds
I, = bm‘ti‘;gﬁ G 1o(E, s+ O%(s) ds

I = Buia®y [ (s4+ )G 2(E. 5+ OW(s) ds

o

Iy = —(14+9)B, 0E2m) " f (54 0)Gas& s+ OD(s) ds

i_re ; .
ho= Baa*s-¢ [ Gufeos+0¥0)ds

o

L = ~(+byaten

e

(s+0G (& s +)Pls) ds

s = by ¢ f  Guill s +OWs) ds

L, = —(1+9)a*B,,m)"" f (s +0Ga(&, s +0®(s) ds

e 8



Mean waves in laminated random media 913
I = —by*@n) ' f G(&, s+ )D(s) ds
Iy = —ay,2%2n)"! j (54+0)2G,(& 5+ OB(s) ds

10,

I

By a5 j Gar(& s+ O¥(s) ds
I = 4304 | 506 s+ OW(s) ds
2n ) _»

Hy

I

B, ot2n) e f GaalE, s +1)0(s)ds

I

My = — Ay a*2n)! fw (540G & 54+ )B(s) ds

o = Aty f 5 +0GaE s+ P ds
n -

The coefficients by,, By, a;; and Ay, (k = 1,2) are given in Appendix A and G;(¢, {)
are expressed by equations (3.3-3.6).

APPENDIX C

In terms of the basic integrals (4.55-4.58) the non-zero integrals which occur in the
dispersion relations of mean P- and SV- waves propagating parallel to the layering are
given by

4 =2 (I)Ok4 2 =2
Il = (2+V) A 2n (D51V0“"UIIV2)
D k?
I, = a*(2+7)4 2" (DHV,—331V,)
n
4 = SVE2 (I)0k4
I, = a* (1 +V)(2+¥)b° 4 IV,
2n
a-r2 , Dok?
Is = —a*vb°A4 IV,
2n
D k2
Lo = a*vA 20n (DIV,—331V,)

2

i)
I, = —a*vB 20k (D3IV,—571Vy)
n

@, k*
2n

II; = a*(1+¥)b*B Iv,
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O k>
I, = —o*2+9b*B2-1V,
2n
4 d)0’(4 2 ~2
IIS = — B 77[ (DPIVO"‘1721V2)
, O, k?
Iy = —o*2+¥B——(D3IV,—31V,).

2n

These expressions are considered through equations (4.49, 4.52) and the sums of [; and II;
are given in equations (4.62, 4.63).
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AGcTpakT-—/1a10TCA CTOXACTHYECKUE YPABHCHHSI B NEPEMEILUCHUSX IJI NPOM3BOJBHLIX CIOMCTBHIX CPel,
MyeTeM WCIIONL30BAHMS MPOCTOrO BAPHAHTA TaK HA3bIBAEMbIX Teopuit ‘‘I¢dexTUBHON KeCTKOCTH
cioucThix cpell. Ilpouecc BO3MYIICHHS NPUBOAMT K ONPENENAIOIIMM YPABHEHUAM, [UTA CPEIHEro ucia
pacnpocTpaHeHusi BOMHbI. OOpalaeTcs CneuManbHOE BHUMAHUE HA HECOMPAKEHHBbIC (GOPMBI CpelHux
YHCEJT BOJIH, NIEPIEHAMAKYJIAPHBIX MM MAapajUleNIbHBIX K HanpasieHuio crnos. [lpuBonstes 3aBucuMocTH
JMCHEPCHH IS 3THX I'PYNI [IOCKNX BOJIH.



