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MEAN WAVES IN LAMINATED RANDOM MEDIAt

FRANZ ZIEGLERt

Institute of Technology. Vienna. Austria

Abstract--Stochastic displacement equations of laminated random media are obtained by employing a simple
version of the so-called "effective stiffness" theories of laminated media. A perturbation procedure leads to
deterministic equations for mean wave propagation. Special attention is given to uncoupled modes of mean
waves propagating perpendicular or parallel to the direction of the layering, and dispersion relations for those
plane wave trains are established.

1. INTRODUCTION

IN RECENT years a dynamical continuum theory for layered media has been developed by
Herrmann, Achenbach, and coworkers [1,2]. This theory, which approximately describes
the dynamic behavior oflaminated composites for small amplitude elastic waves, has been
worked out in detail for a medium of alternating layers of two homogeneous isotropic
materials. It has been shown [2J that the dispersion of plane harmonic free waves, traveling
parallel to the layering in an unbounded medium, is sufficiently well described by this
theory. It was pointed out by Herrmann and Achenbach [3J that this approximate theory,
which was termed the "effective stiffness theory", bears close resemblance to theories of
linear elasticity with micro-structure.

In this paper the simplest possible version of the effective stiffness theory, which was
discussed in Ref. [4J, is used to describe wave propagation phenomena. It is assumed,
however, that the soft layers have random inhomogeneities, i.e. the Lame parameters and
the density of the soft layers fluctuate in a random manner about the constant mean values.
Since the spatial derivatives ofthe elastic parameters do not vanish, additional terms appear
in the displacernent equations of motion, and the equations have become linear partial
differential eqwulOlls with stochastic coefficients. Their solutions are, therefore, random
waves, and the displacement is a random vector-valued function u of the position vector
and time. In this paper statistical information on the above-mentioned stochastic process
is obtained by assuming that the statistical properties of the random inhomogeneities are
known.

Keller [5J has developed a perturbation theory for linear stochastic equations which
generally leads in an "honest way"§ to deterministic equations for the expected solution.
Whenever the stochastic deviations of the random coefficients are small in comparison to
their mean values, this perturbation theory yields a mean solution, which is exact within
the framework of the correlation theory. In the relatively simple case of harmonic elastic

t Part of this paper was presented under the title "Wave Propagation in Laminated Random Media" at the
IUTAM 12th International Congress of Applied Mechanics, Stanford, California, August 26-31. 1968.

t On leave of absence during 1967-1968 as Visiting Scholar at the Technological Institute, Northwestern
University, Evanston, Illinois.

§ This term was created by Keller, cf Ref. [IJ, p. 228.

893



894 FRANZ ZIEGLER

wave motion in linear elastic, random inhomogeneous media, Karal and Keller [6] employed
this theory to study plane wave motion of the expected displacement vector. As a main
result the dispersion equations for free harmonic mean waves were derived, which separak
into equations for mean longitudinal and mean transverse wave types, respectively. As a
consequence of the inhomogeneity of the material, the mean waves are found to be dispersive
and attenuated, i.e. the wave number of the mean wave is a complex number and the real
part is a function of the frequency. The perturbation theory for the scalar wave equation
with random coefficients is also extensively discussed in [5] and extended by Chen [7J to
propagation of scalar waves in discontinuous random media.t

In this paper the above-mentioned perturbation theory is applied to the stochastic
displacement equations of motion to derive deterministic, i.e. sure equations for
expected wave or, with a different viewpoint, to define a deterministic but artificial mak,
from the statistical properties of the random material, in which then the;, mean \\~, I,:
propagates alone. The mean wave solution-or coherent wave-- is not a complete solution.
The perturbation theory is, however, also applicable to derive higher order wave appro;;,·
mations, e.g. to find approximate stochastic equations for the incoherent random wave
from which the variance of the displacement and various correlation functions car
calculated, thus describing the total solution in a more complete manner. In this papc:
however, the attention is focused on the properties of the coherent wave portion. Hierarc~,

equations of statistical moments,t illustrating the properties of the stochastic mcoheren'
wave portion in connection with laminated random materials, will be the sUb.jeet OJ
forthcoming paper.

The main analytical results of the theory of mean waves will be dispersion relations
plane harmonic mean waves propagating parallel and perpendicular to the layering. Thest
relations will not be established until after making considerable simplifying assumption:"
e.g. the inhomogeneity of the matrix material will be described by a single stochastic proces,
with sample functions varying over the layer thickness only. Using the spectral density
function and the formulas of Wiener and Khinchine in Section 5 of this paper. the process
is restricted to an ergodic process, and later on being specified as a homogeneous band
limited "flat spectrum" process. Although other types of stochastic inhomogeneity pro
cesses are discussed briefly, the analysis will be worked out in detail only for the abov!:
specified process. The choice of a "white noise" inhomogeneity process as a limiting case
is not compatible with Keller's perturbation theory, which will be discussed in Section :)
as well.

2. THE DISPLACEMENT EQUATIONS OF MOTION

The version of the effective stiffness theory, which will be used in 1his pape, was
derived in [3], equations (34), by simplifying the general theory, and was constructed in a
heuristic manner in [4], for a body with periodically arranged layers of soh and stiff
materials. The assumptions of this simpler theory restrict the interaction bctweer reinforc
ing sheets and matrix layers, by allowing the matrix layers to store strau <:01':) gy as an
elastic continuum, and permitting the reinforcing sheets to store strain energy uniy from
uniaxial deformation and from flexure. By limiting the further analysis to plane strain and

t A comprehensive survey of literature is given in "Wave Propagation in Random Medi" i)v iCnsch in
Ref. [8].

t Brietly discussed in context with scalar processes by Keller [5], Section 5.
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assuming plane stress throughout the thickness of the reinforcing sheets, the following
energy densities for the reinforcing and matrix layers are then obtained:

Strain energy densities:

[ (
OU)2 (02W)2J

CJ ox +DJ ox2

2UJ = h

(
OU OW)2 [ (Ou) 2 (ow) 2

2Um = Am ox + oz +flm 2 ox +2 OZ +

Kinetic energy densities:

(OU +ow) 2J.
OZ ox

(1.1)

(1.2)

21f = PJ(u2 +w2
)

2Tm = Pm(u 2 +w2
).

(1.3)

(1.4)

In equation (1.1) CJ and DJ denote stretching and bending stiffnesses of the reinforcing
sheets, respectively, being defined as

hEJC --
J - (1- v})' (1.5, 1.6)

where h is the constant thickness of the reinforcing sheets, and the constants EJ and vJ are
Young's modulus and Poisson's ratio, respectively, of the stiff reinforcing material. The
constant mass density of this material is denoted by PJ. The properties ofthe inhomogeneous
soft matrix layers of constant thickness H are defined by Lame's coefficients Am(x, z) and
flm(X, z) and the material density Pm(x, z). The coordinate system (x, z) and the corresponding
displacements (u, w) are shown in Fig.!. From the expressions (1.1) to (1.4) the approximate
total strain and kinetic energy density of the laminated composite is calculated by taking
the weighted sum of the strain and kinetic energy densities of the two layers:

where

U = IJUJ +(I-IJ)Um

T = 1J1f+(1-IJ)Tm

IJ = h/(h +H).

Z

Am(X,Z), fLm(x,z)

Pm (x,z), H

(1.7)

(1.8)

(1.9)

FIG. I. Configuration of the laminated random medium.
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(1.10)

The energies stored in a volume R of the laminated medium are achieved by integrating
the densities (1.7, 1.8) over this volume. Finally, by employing Hamilton's principle, see
for example Ref. [4], and by taking into account that )'m' 11m and Pm are not constants, the
following stochastic displacement equations of motion are obtained:

2 2 a2
u 2 a2u 2 2 a2w

(Uml +U )~+Um2~+(Uml -Um2)--
ux uZ ox i3z

+(X2 [(ou +aw) Ol1m + OU i3(Am+2JJ.m) +ow OAm] = i3
2
u

OZ ax oz ax ax OZ ox ot2

where

and

Pc = "IP/+(1-rJ}Pm

(X2 = (1- "1)/Pc

v~ 1 = CX
2(Am+2JJ.m)

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)

(1.17)

The characteristic length I relates the effective stiffness theory to a simple version of the
theory of elasticity with micro-structure.t The mathematical difference between the dis
placement equations of motion (1.10,1.11), based on an effective stiffness theory, and the
corresponding equations of an effective modulus theoryt is the appearance of spatial
derivatives of order higher than two. In the simple theory presented here a fourth order
term is in equation (1.11). It was shown by Achenbach [4], who derived equations (1.10,
1.11) for constant matrix-material properties, that the dispersion of the lowest mode of
vertically polarized shear waves, i.e. SV-waves, propagating parallel to the layering, can
be approximately described. The dispersion ofother wave types with propagation directions
either parallel or perpendicular to the layering, which is expected to occur in a laminated
composite as well, is, however, beyond the range of this simple theory. The more general
effective stiffness theory employed in [2] for homogeneous matrix material describes the
dispersion properties of various wave types, propagating either parallel or perpendicular
to the layering, thereby improving the theory employed in this paper to a great extent.
Further improvement, as pointed out in [2], can only be accomplished by considering the
higher wave modes in the approximate displacement distributions. Since this is a first study
of the influence of inhomogeneities in the matrix layers, the simplest version of the effective

t cf [3J, particularly equation (35).
t Cf, e.g. the references numbered 1 through 4 of [2].
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stiffness theory, equations (1.10,1.11), should be adequate to show the effects on dispersion
and attenuation of those waves.

The equations (1.10, 1.11) are linear partial differential equations with stochastic coeffi
cients Am(X, z), J.1m(x, z), Pm(x, z). To decrease the number of parameters, the inhomogeneity
of the soft matrix material is restricted assuming Vmand Pm as constants. Hence

(1.18, 1.19)

In this manner only the shear modulus is left to be prescribed in an appropriate way. In
view of Keller's method employed in the following paragraph, it is assumed that the shear
modulus can be expressed as

J.1m(X, z) = ji+<;J.1(x, z)

where ji is the constant mean value and J.1(x, z) is the random deviation.

3. KELLER'S PERTURBATION THEORY

(1.20)

In [5J, Keller developed a perturbation procedure for linear stochastic operators which
generally leads to deterministic equations for the expected solution. This procedure is
employed for the displacement equations of motion (1.10, 1.11), which can be written in
matrix form as

Mu = 0 (2.1)

where M is a stochastic partial differential matrix operator, which, in view ofequation (1.20),
can be expressed as the sum of two operators

(2.2)

where L is the constant coefficient deterministic, i.e. sure operator for the case of homo
geneous soft layers with constant material parameters I, ji and Pm' whereas <; is a measure
of the departure of the material properties of the soft layers from the homogeneity which
is expressed by equation (1.20), and L[ is a perturbing random operator representing the
effects of inhomogeneity. After some manipulations and taking expectations in equation (2.1)
by inserting equation (2.2), the following deterministic equation for the mean wave <u) is
derived :t

(2.3)

which becomes an explicit equation for <u) when the 0(63 ) term is omitted. It may be of
interest to note that equation (2.3) does not depend on the sign of 6 in equation (2.2). The
operator L - [, the inverse of the operator L, appearing in equation (2.3) can be repre
sented as an integral operator. Its kernel is the Green's dyadic G(r, r') of the background
medium.

t Cf Keller [5J, equation (11) with (L2 >= o.
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For future reference the matrix operators Land L I , which are obtained from equations
(1.10, 1.11), are written explicitly as

1
Lu

L=
iY-2 -2(VI -Vz)-~

oxoz

-2 -z oZ
(VI -vz)-

oxoz
(2.4a, b)

where the operators with constant coefficients in L are given by

OZ oZ oZ
L = (jz_+v~__ ·~

u oxz ozz otZ

and the operators with stochastic coefficients in L 1 are expressed by

Z OZ 2 0
2

Z[Oft 3 - aft oJLUI = VI-+vZ-+a -- -~+(v+2)--
oxz ozz oz oz ax ax

L Z = bZ£.+aZ[v°
ft ~+ Oft .~J

u ax oz oz ax ax GZ

L I = bZ~ +aZ [8 ft a +vaJ1 !.....J
w ax oz oz ox ax az

2 a
z

Z 3
Z

z[ - aft a aft GJL wz = VZ:1"2+ VI ;1i+a (v+2);- ;;-+-;- ~- .
uX uZ uZ uZ uX uX

The constants (jz, Jj2 and bZare

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

and the coefficients vL v~ and vi, v~ are expressed by equations (1.14, 1.15) replacing
Am' ftm by the constant values A, fl, and A(X, z), ft(x, z), respectively, and omitting the index m
on the left side. Hence, because of assumption (1.19) it follows, e.g. vi = aZ(v+2)ft(x, z), etc.

Equation (2.3) was solved by Karal and Keller [6], Section 4, for much simpler operators
L, L - 1, Lr, which were appropriate to a randomly inhomogeneous isotropic linear elastic
infinite medium, by assuming <o(r) as a plane wave given by

<u(r) = A eiwt eik
•
r

. (2.12)

As a general result the longitudinal and transversal mean waves were found to be un
coupled, dispersive, and attenuated. Special results were obtained by choosing a special
form for the autocorrelation function of the homogeneous density process

(2.13)

and assuming constant elastic parameters. Similar results were derived for electro-magnetic
waves, specializing L, L - I, and L I from Maxwells' equations. A fast growing literature
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exists on wave propagation in "weakly" random media,t especially in the fields of electro
magnetic waves (cf. Liu [9]), and above all in scalar wave propagation, where the approach
of Chernov [10] is successfully applied. The recent article by Frisch in [8] covers the entire
field of wave propagation in random media. Chen and Tien [11] applied equation (2.3) to
the problem of heat conduction in a half-space with random thermal diffusivity, specializing
L, L -1, and L t from the one-dimensional heat conduction equation.

Equation (2.3) must always be completed by the determination of the inverse operator
L - \ which is expressed through Green's matrix and depends on the parameters of the
background medium. The effective stiffness theory of laminated solids provides a kind of
"homogeneous" background medium because the operator L, cf equation (2.6a), has
constant coefficients. In the subsequent section the Green's function of a laminated back
ground medium consisting of double layers of homogeneous soft and stiff materials is
considered.

4. GREEN'S DYADIC FOR A LAMINATED BACKGROUND MEDIUM
WITH HOMOGENEOUS STIFF AND SOFT LAYERS

The Green's dyadic of the background medium is the solution of the inhomogeneous
deterministic equation

L *G(x, z; x', z') = Ib(x - x')b(z - z') (3.1)

where the time dependence ofthe source term has been omitted and L* is the corresponding
time reduced operator L, expressed by equation (2.4a). The identity matrix is denoted by l
Considering only waves of the form (2.12), a corresponding time harmonic source is
introduced by equation (3.1). The solution of this equation is easily obtained by employing
the double Fourier transformation with respect to x and z. Hence, multiplying the equa
tion (3.1) by exp( - iex) and exp (- i(z), integrating then with respect to x and z from minus
infinity to infinity, solving further the resulting system of linear algebraic equations for
components of the transformed dyadic, we obtain

(3.2)

wherein

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)(i,j) = 1,2

Gil -(_w2+ii~e +iii,2 +[2v2~4)/N

G12 fj 2eON

G22 (_w2+{i2e +v~(2)/N

N [_w2+a2e2+V~,2][ _w2+ii~e +iiiC +Fv2e4]-(52eo2
•

The inversion of expression (3.3 through 3.5) is given by the double integrals

= 1 I co I co

GiJ{Xt,ZI) = 41£2 -00 -00 Gii(,Oexp[i((xt +(zl»d(d(

t The term is taken from papers dealing with electro-magnetic waves. Weakly random media are defined as
media having only small random deviations from a homogeneous "background" medium. The background
medium has the average material parameters. In [9] even a background medium which has deterministic inhomo
geneities is considered.
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~l

The procedures for evaluating these integrals are not further discussed, because In the
course of this paper only the transformed expressions (3.3 through 3.5) are required in
establishing equation (2.3).

5. AVERAGE MOTION IN THE LAMINATED RANDOM MEDIUM

In evaluating equation (2.3) the interest is focused on the basic solutions of the mean
waves, especially on the time harmonic train of plane waves

(4.1)

where n1, n2 denote the directional cosines of the propagation direction with respect to
the x- and z-axes, and wand k denote circular frequency and wave number, respectively.
The phase velocity is determined by

cp = w/k. (4.2)

With the basic solution (4.1) in mind, equation (2.3) can be handled in a straight
forward way without explicit knowledge of the Green's matrix in the original space of the
background medium.t

The average expression <L1L -IL1><u> in equation (2.3) can be evaluated in a simpler
way considering the identity

(4.3)

(4.4)

and equation (4.1). Inserting the Green's dyadic with components (3.7) into (4.3), it renders
the expressions

f e<· foo {F (x -)}<LIL-IL1><u>==e'k(nlx+n,z) e'-ik(n,x,+nzzd 1 1'''1 dx 1dZ
1

-'X) - X) F z(x 1, Z tl

where F1 and F1 depend on the various correlation functions of the random processes
/1(x, z) and /1'(x, z) andt on the first and second orders spatial derivatives of the Green's
functions GiJ{Xi' z} In (4.4) the two-dimensional random process J1(x, z) is assumed to be
defined by the product

(4.5)

where /11 and /12 are statistically independent homogeneous random processes. To simplify
the further analysis with respect to the number of statistical parameters involved and
because of the greater physical significance only the z-dependence is taken into considera
tion. Hence,

/1(X, z) == /1(z). (4.6)

t The subsequently demonstrated procedure simplifies also the problems treated in [6J, where the Green's
dyadic in its natural form is considered.

t The prime denotes the partial derivative with respect to x and z, respectively.



Mean waves in laminated random media 901

For this case the functions F1 and Fz are listed in Appendix A. t The autocorrelation function
of the homogeneous process (4.6) depends solely on Z1 = z-z' and is denoted by t

(4.7)

Furthermore,

(4.8)

denotes the covariance of the process dfl/dz, and

(4.9)

denote the cross correlation functions of the processes dfl/dz and fl, respectively. The
application of the operator L, equation (2.4a), to the expression (4.1), and taking into
account the partial result (4.4), yields the coupled linear equations

A[w2 +(ik)z«(jznr +ii~nm+B(ik?5ZnlnZ

(4.10)

where the factor exp[i(wt+kn1x+ knzz)] has been cancelled. The kernel functions F1(X1, zd
and FZ(x 1 , zt> are listed in Appendix A.

The left hand sides of these equations are exactly the equations derived by Achenbach
in [4]. It can easily be verified from equation (4.10) with s = 0, that various wave modes
can be treated independently, e.g. choosing B 0, nz = 0,n1 = 1and A = 0, n1 = 0, nz = 1
leads to the solution of P-waves traveling parallel and perpendicular to the layering, the
special values A = 0, nz = 0, nl = 1 and B = 0, n1 = 0, nz = 1 determine S-waves
travelling parallel as SV- waves and perpendicular to the layering. From these wave modes
only the SV-type is found to be dispersive, which is a consequence of the simple version of
the effective stiffness theory employed. From equation (4.10) the SV-dispersion relation
for the background medium reads because of B i= 0 like this

(4.11)

or in terms of the phase velocity (4.2)

(4.12)

where k 1 = kl is a dimensionless wave number, 1expressed by equation (I.17). To improve
the results of equation (4.12), v~ is replaced by the known squared value of the limiting

t It should be noted that the subsequently demonstrated procedure for the further evaluation of the expression
(4.4) is equally well applicable to the more general case when equation (4.5) is valid.

t For details cJ Ref. [12], chapter 18.
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(4.13)

phase velocity for vanishing wave number of SV-waves according to the exact solution as
derived in [15J, equation (17), as follows

-2 -2 Jiv] -> V] I =-_..._-_._-
[pc(l -I] + 11iiltir)]

where Jir is the shear modulus of the stiff reinforcing sheets. From equations (1.15) and
(1.12,1.13) it follows with Ji instead of lim that

(1 -11)ii

Pc
(4.14)

which is independent of the elastic material parameters of the stiff layers. An improvement
of the present theory can be achieved by replacing all the parameters li], vi, and the above
discussed v~ by the corresponding limiting phase velocities for vanishing wave numbers
of the special single wave systems with propagation directions parallel or perpendicular
to the layering, respectively, as tabulated, e.g. in [2].

The Fourier type integrals, which enter the right hand side ofequations (4.10), represent
the effect of the random inhomogeneities of the soft material layers up to the order 1:

2
.

A close inspection of these integrals, Fl.2 given in Appendix A, reveals that they can be
reduced to a single integration of the functions Gij' equations (3.3 through 3.5), weighted
by a factor which can be expressed by the known spectral density functions of the processes
Ji(z) and Il(z). The spectral density of, an, at least, weakly stationary, i.e. homogeneous, and
ergodic random process is related to its autocorrelation function by the formulas of Wiener
and Khinchine, see, e.g. Lin [14J, p. 58:t

1 J'R(zd = <l>(s)e- iSZ1 ds
2n - .x,

(4.15)

where the spectral density function is denoted by 4>(s). Hence, as an additional assumption
the process Jl(z) is understood as an ergodic process, see, e.g. [13]. The spectral densities of
Ji(z) and Il(z) will be denoted by 4>(s) and VJ(s), respectively, and the cross correlation ofthese
two processes will be set zero in the further analysis.~ For the sake of brevity the procedure
of simplifying the integrals Ft ,] is only shown for the first two non-zero terms of F t ,2 which
are characteristic of all the terms forming F1,2 ; see Appendix A. Denoting the integrals by

(4.16)

(4.17)

the first term of F j integrated with respect to XI renders

It = allcx4 J~c;(,J_x.x o]Gjt(Xt,ZdR(zde-i(~Xl+(:z,)dXl dZ t

= att cx4(i~)] f~T Gll(~' z rlR(z de - i(:Z, dz t

tThe factor (2n) - I, for the sake of convenience, is shifted to the inverse integral of q,(s).
t The effect of correlation of the processes II(Z) and Ji'(z) will be discussed after equation (4.26)
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where
~=knl' (= kn2'

Then, using equation (4.15) the second transformation can be performed as follows

903

(4.18)

(4.19)

(4.20)

1 Joo= aIl1X4(i~)2 2n -oc GII(~' s+()C1>(s) ds

where Gil is expressed by (3.3) if ( is replaced by ( + s. Although the second term of FI

includes derivatives of Gil with respect to z1, it can be handled in a similar way as demons
trated above. The interchange of integrals renders in this case

1 - b 4 JOO JOO s2GII (XI, zd R( ) -i(~Xl +\;zd d d
2 - II IX a 2 Zl e XI ZI

-00 -00 ZI

1 Joc= bll 1X
4 2n -oc [i(s + ()]2 GII(~' s+()C1>(s) ds

where a factor of highest order S2 appears in the integrand. The expressions 13 through 110

and III through IIlo evaluated in a similar manner are listed in Appendix B. A necessary
condition for the existence of the various integrals over an infinite range of s is the vanishing
ofthe integrands at infinity. This condition excludes the choice of a white-noise process j1(z)
since 4J(s) = const for all s. The autocorrelation function is given by

R(zd = b(zd· (4.21)

The more realistic case of j1(z) being a stationary band limited "flat spectrum" process will
be studied in the further analysis. It has the properties

{
C1>O

C1>(s) = 0
lsi S; a

lsi> a
(4.22)

R(zd = aC1>o sin(az~
nazI

(4.23)

-oo<s<oo

and renders a finite range of s-integration of the integrals I, II. The exponential function
(2.13) denotes the autocorrelation function of a so-called "random telegraph wave"
process.t The corresponding spectral density has the form

2aR(0)
C1>(s) = 1+ (as)2'

where a is a measure of the correlation distance of the j1(z)-process. For s ---+ 00, C1>(s) ~ S-2,

and the corresponding integrands in 1 and II converge to zero for s ---+ 00. A table of other
frequently applied correlation functions with their corresponding spectral densities is
presented as Appendix III in Lin [14].

t The choice of this process implies an additional layering within the matrix layers, where J.I(z) takes on the
values ±J R(O) over layer thicknesses which are randomly distributed. The sign changes are generated by the
state changes of a Poisson process of mean count rate 1/2a, i.e. the probability that no sign changes take place in
distance Z > 0 is given by exp( -Z/2a).
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Further evaluations of the integrals Ii and II; require a specialization of ¢(s), which will
be chosen, for the sake of convenience, in the form (4.22). Hence, the process I1(Z) can be
represented by the series expansion

( )
~ sin a(z-zk)

11 Z = L 11k ,
k=-crj a(z-zd

11k == I1(Zk), Zk = kn/a, k = 0, ± 1, ±2, ...

which converges in the mean-square sense with the sample values Jik having zero mean and
being uncorrelated.t After inserting equations (3.3), (4.22) into (4.19), I I becomes

(4.24)

and (4.20) renders

(4.25)

Similar expressions are derived for all the other integrals I; and II; being dependent on
basic integrals of the form

k 0,1,2,3 (4.26)

which after evaluation render transcendental functions of ~ and' and the probabilistic
parameter a. This method can be applied in the same manner to the integrals arising from
non-zero cross-correlation functions T(z I) and T(z I) with the associated cross spectral
densities ± is<1l(s). The non-zero contributions to I and II are real and thus the waves
remain unattenuated. Hence, the consideration of the correlated processes p.(z) and l1'(z)
will not influence the character of the results derived later.

A. Dispersion relations ofplane waves propagating perpendicular to the layering

Corresponding to the uncoupled plane wave systems travelling parallel or perpendicular
to the layering in the background medium, the uncoupled plane mean waves propagating
perpendicular to the layering of the averaged stochastic medium will be treated first. They
become dispersive from the random inhomogeneities of the matrix material, yet remain
unattenuated. For these waves nl = °and nz = 1. Since ~ = 0 and' = k, equations (4.10)
yield

(4.27)

(4.28)

t The properties of the sampling functions are discussed in [12J. p. 18.11.
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where A is the amplitude of S-waves and B is the amplitude of P-waves. The formal relation
\J'(5) = 52<1>(5) is considered in the above given equations. The evaluation of the integrals
renders the dispersion relations

A =1-0:

(4.29)

(4.30)

(4.31 )

B=l-O:

2 2 2a<l>o(a)4(2+V)k[ _ a(a+2k)-k
2
(l-M)

f3p = f3p(k -. 0)-8 --;- ih ~ (4+V)fJpln(_l)ma(a_2k)_k2(l_f3~)

2 a(a +2k) +k2(l- f3~) J
+(1 + f3p) In ( _l)ma(a _ 2k) + k2(l- M)

where m must be chosen even for 0 S k < al2 and odd for k > a12. The wave number k
and the dimensionless phase velocities

fJs = cslv2 == wl(kv2)

f3 P = Cp/lJ 1 == wl(kv tl

of S- and P-waves, respectively, are real. The limiting phase velocities for k -. 0 are given
by

a<I> (a)4f3~(k -. 0) = 1_ 2/;2 _0 -::-
n V2

a<I> ( a ) 4f3~(k -. 0) = 1+ (3 + v)(2 + V)/;2 _0 -::- .
n VI

(4.32)

(4.33)

(4.34)

(4.35)

The expressions (4.29, 4.30) become simpler when only terms up to the order /;2 are retained.
With f3 = 1 within the brackets of these expressions the phase velocities are given explicitly
by

f32_f32(k ) 2a<l>o(a)4 5k
l a+2ks- s -.0+/;-- -n-----,--

. n V2 4a (-l)m(a-2k)

f3~ = P~(k -. 0)_/;2 a<I>0(3-)4 (2+ v)(6+ v)k In a+2k
n VI 4a (-l)m(a-2k)

where m is chosen even for 0 S k < al2 and odd for k > a12. Since the dispersion within
the background medium is neglected, the results are restricted to long wavelengths solution,
i.e. k(h +H) ~ 1. In addition, in the case k ~ a the logarithmic functions in those expres
sions with m even can be approximated by the first term of a Taylor expansion

thus the squared phase velocities become proportional to (kla)2.
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(4.36)

(4.37)

(4.38)

(4.39)

Gdk, w, s) = 'fjlkslN

Gdk, w, s) = (_w2+(fkl +vh2)fN

N = [ w 2+a2kl + V~S2][ _wl +V~k2 + /2 V2k4 + Vf S2] - ('fj2ks)1.

B. Dispersion relations ofplane waves propagating parallel to the layering

Another more significant case deals with the propagation of mean waves parallel to
the layering, which implies nl = 1, n l = 0, ~ = k, ( = O. The evaluation of the integrals
(4.26) is much more laborous in this case than in the above treated case, because ~ = k
and , ~ s inserted in equations (3.3 through 3.6) do not simplify the expressions Gij.
which form the integrands

Gll(k,w,s) = -(-oi+v~P+j2t,2k4+vfsl)/N

Considering the coefficients in FI •l given in Appendix A, which reduce to the expressions

bl' = -(2+v)Ak2,

BII = _Bkl
,

a11 = - (2 +V)2 AP,

a21 = ik(2 + v)B,

b21 = ikB

B21 = ikvA

All = -(2+v)Bkl

All = ikV(2+v)A

(4.40)

(4.41)

(4.42)

(4.43)

equations (4.10) will not immediately decouple to single equations for each of the ampli
tudes of the P- and SV-waves considered. Terms of order el lead to coupling between
these two waves, and equations (4.10) define the amplitude ratio for each pair of frequency
and wave number, for which such a wave system exists in the mean. Equations (4.10)
become the homogeneous system

A[D~-f,2ml(k,w,a)J-t:1Bm2(k,w,a)= 0

_f,2Am3(k, w, a) + [D~ -e2m4(k, w, a)]B = 0

(4.44)

(4.45)

where

AmI(k, OJ, a)+ Bml(k, OJ, a} = I

Am3(k, w, a) +Bm4(k, w, a) = II

(4.46)

(4.47)

and

(4.48)

In terms of Ii and II;, Appendix B, the m;(k, w, a) are given by

Aml(k,w,a) = 11+12+14+18+110

Bm2(k, w, a) = 13 + Is + 16 + 17 + 19

Am3(k, OJ, a) = III +I14 +II s +I1 6 +I1 1o

Bm4(k, w, a) = II 2 + II 3 + II 7 + Ils + II 9 ·

(4.49)

(4.50)

(4.51)

(4.52)

Although the coefficients b21 , Bll , all' A 21 are complex, the expressions m 1 through m4
turn out to be real, and the amplitudes A and B retain, therefore, real constants. To evaluate
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(4.53)

the basic integrals (4.26), the four zeros of the denominator (4.39) are determined through
the plus and minus roots of

1[(V2D2+v2D2+ (52k)2 +S]2 2: IF 2S -
51,2 = (-)2

V1 V 2

where
S == (5f-5~)(V1V2)2

= {[vfD~ - V~D~]2 + (OZk)4 +2(bk)2[vfD~ + v~D~]} 1/2 (4.54)

(4.55)

(4.56)

(4.57)

where 51 > 0, S2 > 0 and

51 +a
S 1 = ~---=-~~-

(-It(5 1 -a)'

The integers m and n are determined by

(4.58)

(4.59)

(4.63)

(4.62)

a < 52 < 51 . .. m, n even j
52 < a < Sl'" meven,nodd .

52 < 51 < a ... m,nodd

The integrals (4.26) which contain odd powers of 5 vanish identically. Considering this
fact in the integrals Ii' IIi, it turns out that m2(k, ill, a) == m3(k, ill, a) == O. The vanishing of
these coefficients decouples the equations (4.44, 4.45) into the two independent equations

A[D~-E2ml(k,ill, a)] = 0 (4.60)

B[D~ -E2m4(k, ill, a)] = 0 (4.61)

where the independent dispersion relations for mean P- and mean SV-waves are derived by
simply considering A "# 0 and B "# 0, respectively. The coupling between the two random
wave modes, which is expected to occur as an effect of the random inhomogeneities, does
not affect the corresponding mean waves up to the order E

2
. The evaluated non-zero

integrals 11,12, 14 , Is, 110 and 112, 113 , 11 7 , lIs, 11 9 are listed in Appendix C, from which
the expressions (4.49) and (4.52) are calculated, rendering

_ (a)2 a<llo 2 a<l>o a
4
k

2 (Sll S12 )ml(k,ill,a) = -2(1+v) -=- -(ak) --- -lnSl--lnS2
V2 n n 2aS 51 52

a<llo a
4
k

2
(S41 S42 )m4(k, ill, a) = - -2- -In Sl --In S2

n as 51 52
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where
S 11 = - 2( 1+ v)vI si + [(2 + v)(D,~ -- k'jjf)+ vD;, + (1 -+- V)2(V I k)2]sI + (2 + V)2 D,~kl (4.64)

S41 = [vD,~ +(2+v)DJ;-(1 +v)2v~k2_(iilk)2]5i+k 2D;, (4.65)

and S 12, S42 are given by (4.64,4.65) replacing 51 by 52, while Dj" D~ are expressed by (4.48).
Some interesting properties of m 1 and /11 4 can be shown by expanding the logarithmic
terms having arguments expressed by (4.58), for a ~ 52 and 52 ~ a, respectively. The first
expansion

(4.66)

(4.67)

(4.68)

(4.69)

(4.71)

renders for k -.-. 0 from equations (4.60,4.61)

2 _ .2(2+V)2(rx)4a<l>OfJp(k -.-. 0) ~ I -I, .- :: ---

2 a rr

2 c:
2
(rx)4 a<l>O [ t

2
(rx)4 a<l>oJ2(V)22/3s(k-.-.O)=l+-:- --+ l-~···:~ ~i ~ k

2 V2 7[ 2 V2 7[ V2,

where /31' = cp/a and /3s = CS/V2 are the dimensionless phase velocities of P- and .'lV-waves,
respectively. A second expansion

52+ a 2S2 [- si (si)J
In~_s~=-d-l+3a2+o~4 '

renders instead of equations (4.62,4.63) the expressions

_ (rx)2 a<l>o 2 a<l>o rx
4
k

2
(SII 2S 12 )ml(k,w,a) = -2(I+v) ~ -(rxk) -~----="::-cT-T--J--lnSl---- (4.70)

V2 7[ 7[ 2a(vlv2) (SI-S;i) SI a

111 (k w a) = a<l>o __ rx
4
k

2
.__ (_S ~ I In S _ 2S42 ).

4 " 7[ 2a(Vt V2)'(si -5n SI I (/

Taking into account terms of the order £2 in /:;2/111,4, these expressions become considerably
simpler because Dj, and D~ become zero in 1111 and m4' respectively. From equation (4.53)
it follows that

and

(V1 V2)2 S f = v~D~ + (E2 k)2 is valid in the expression 111 1 ,

(VIV2)2 Sf = vfD},+(IJ2k)2 is valid in the expression m4.

In either case S2 = O. Equations (4.64,4.65) then reduce to

S11 = -k4[(1 +v)vi +v
2
(1-flk

2
){I-VUJ 2( 1+4~~~i2k2) J.1

S12 = (2 + v)2k4[(1 + v)Vf + v2(1 _i2k2)]

S41 = k4V~[2(1 +V)3 + (7 + 14v +9,,2 + 2V 3)( ~ ) 2(1_ flk 2
)

2+v V2

+(2 +V)( :J 4(1_ flk 2)2J
S42 = _k4V~[I+"+(~J2(1-i2k2Jj.

(4.72)

(4.73)
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Finally, equations (4.60, 4.61) take on the form

2 - 2 2 m1(k,a)
Pp = (cp/a) = 1+0 (akf

2 _ 2 ( V ) 2 2 2m4(k, a)
Ps = (CS/V2) = 1+ V2 (k/) +e (V2k)2

where

m l (k, a) _ 0(4 a<l>o 0(4 a<l>o (k) 2
(k)2 = -2(1 + v)( __ )2 -+(-- )2 -- -a aV2 1l: aV2 1l: a

{ a[ (V)Z( 4+3V)J _}X 2s
1

I-v ill 1+~(k/)2 InSl+(2+v)2

and

m~(k, ~) = _0(_4 2 a<l>o(~) 2[1 +v +(2 +V)( ~) 2(1_ kZ/2)J 1{~[2(1 + V)3
(vzk) (VIV2) 1l: a V2 2s1

+(7 + 14v +9v2 +2V3
)(:J z(1_k2

/
Z)+(2 +v)(:J4(I_kZP)2] In S1

909

(4.74)

(4.75)

(4.76)

(4.77)

The limiting velocities for k -+ 0 in the particular case, where a ~ Sl > Sz are given by

P~(k -+ 0) (4.78)

(4.79)

where the constant S44 depends on the elastic parameters of the background medium, and
is given by

S44 = [1+V+(2+V)(:JZJ-l4+9V+7VZ+2v3

+(9+ 15v+9vz +2v3
)(~r+(2+V)(~rJ (4.80)

In equations (4.76, 4.77) the approximation (a/(2stl) In Sl = 1 has been applied in regard
to the case S1 ~ a. The limiting values, given by equations (4.78, 4.79), differ from those
derived for a ~ Sz considerably, cf equations (4.67, 4.68).

Contrary to the previous case ofequations (4.29, 4.30) and (4.32,4.33) the phase velocities
expressed in equations (4.78,4.79) are found to be strongly dependent on the elastic para
meters ofthe background medium, including some ofthe properties ofthe reinforcing sheets.
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6. CONCLUSION

The simple version of the effective stiffness theory expressed by the stochastic displace
ment equations of motion (1.10, 1.11) is employed for the determination of a deterministic
system of equations (2.3) for mean wave solutions propagating in the laminated solid.
Mean wave modes traveling parallel and perpendicular to the direction of the layering
are considered, by assuming a wide-band flat spectrum process, see equations (4.22, 4.23),
for the elastic parameters of the soft matrix material. Keller's perturbation method is modi
fied by introducing the spectral densities of the random coefficients, see equations (4.24,
4.25), which makes it possible to use the Fourier transformed Green's dyadic of the back
ground medium, thus simplifying the theory of the mean wave equations to a great extent.
As a main result, the mean P- and S-wave modes propagating in x- or z-direction are found
to be uncoupled, dispersive, yet non-attenuated waves. The dispersion relations are given
in explicit form in equations (4.32 through 4.35) and (4.60, 4.61) and (4.76, 4.77) for those
wave systems. The additional dispersion, which occurs in the mean waves, is found to be
proportional to the variance of the random parameters and dependent on the band limit
of the spectrum of these parameters. Through the appliance of the effective stiffness theory
to the background medium, see [4], it has become evident that the theory is more suitable
for describing waves propagating parallel to the layering. The waves traveling perpendicular
to the layering of the random medium are found to be dispersive, c;f equations (4.34, 4.35),
yet the phase velocities are independent of the elastic parameters of the stiff reinforcing
sheets. However, the waves propagating in x-direction are dispersive, their phase velocities
being strongly dependent on the elastic properties of the reinforcing sheets, (f equations
(4.78 through 4.80).
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APPENDIX A

and

where

Rll = al1 R(zd+aZI T(zd

R 12 = bI1 R(zd+bz1 T(zd

R 13 = b l1 T(Zl)+b21 S(Zl)

R l4 = (1 +v)R 12

R 1S = A l1 R(ZI)+A z1 T(ZI)

R I6 = B l1 R(Zl)+Bz1 T(ZI)

R l7 = R 13

R l8 = 8 11 T(Zl)+B21 S(zd

R 19 = (1 +V)R I6

R21 = (l +v)R 12

R Z2 = VR 13

R 23 = (l +V)R 16

R Z4 = R 12

Rzs = R 11

R26 = iJR I8

R Z7 = all T(zd+a2IS(zd

R Z8 = R l6

R 29 = R is

R 30 = A 11 T(Zl)+A 2I S(ZI)
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and
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bll = -F{A[I+(l+v)nn+BnlnA1+v)}

b21 = ik(An2 +Bnd

Bll = P{ An ln2(l +v)+B[1 +(1 +v)nm

B21 = ik[Avnl +B(2+v)n2J

amI = (2+v)bml , AmI = (2+v)Bm1 , m = 1,2.

The correlation functions R(ZI), T, r, S(zt> are expressed in equations (4.7·-4.9); Guex/, 21)

is given formally in equation (3.7).

APPENDIX B

The integrals which determine the expressions (4.16, 4.17) are expressed in part by
equations (4.19, 4.20) and from the following table

13 = b21 ClA (2n)-1 f:w i(s+')GII(~,s+OIf'(s)ds

14 = -(1 +V)blltX4.!.~ fCO (s +OGd~, s+O<l>(s)ds
2n - oc

15 = -AlltX4~2(2n)-1 f:x. Gd~,s+O<l>(s)ds

16 = -B ll tX4 (2n)-1 f:", (s+02Gd~,s+O<l>(s)ds

17 = b21 tX
4 ~n ~ f:w Gd~, s+OIJ1(s)ds

4 i fOC18 = B21 tX 2n -C( (s+OGd~,s+O\}l(s)ds

19 = -(1 +V)BlltX4~(2n)-1IX",. (s+OGn(~,s+O<l>(s)ds

110 = B21 tX4 2~ ~ f:C( G2 A¢, s+ ()1J1(s) ds

III = -(1 +v)b 11 Cl:
4¢(2nr I f~",) (S+OGIl(~' s+O<l>(s)ds

lIz = Vb21 Cl:
4 2~~ f:", GI1(~,s+OIJ1(s)ds
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II4 = -bllCX4(2n)-1~2 I~ac G21(~,S+n<D(s)ds

lIs = -allC(4(2n)-1 J:oo (s+02G2d~,s+O<D(s)ds

II 6 = VB21C(4~~fac G21(~,s+n'l'(s)ds
2n - 00

lIs = -B ll C(4(2n)-le I~oo G22(~,s+O<D(s)ds

II g = -A ll cx4(2n)-1 f~oo (s+n2Gd~,s+O<D(s)ds

1I io = A21C(4~Jac (s+OGd~, s+O'¥(s) ds
2n - 00

913

The coefficients bk1 , Bk1 , aki and A k1 , (k = 1,2) are given in Appendix A and Gij(~' 0
are expressed by equations (3.3-3.6).

APPENDIX C

In terms of the basic integrals (4.55-4.58) the non-zero integrals which occur in the
dispersion relations of mean P- and SV- waves propagating parallel to the layering are
given by
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These expressions are considered through equations (4.49, 4.52) and the sums of Ii and IIi
are given in equations (4.62, 4.63).

(Received 20 August 1968; revised 24 January 1969)

A6CTpaKT-)],aIOTCSI CTOXaCTH'IeCKHe ypaBHeHHSI B nepeMeIUeHHSlx iJ,llSl npoH3BollbHblX CllOHCTblX CpCiJ"

nyeTeM HcnOllb30BaHHSI npOCToro BapHaHTa TaK Ha3blBaeMblX TeopHi% "3<!><!>eKTHBHoi% )l(eCTKOCTH"

CllOHCTblX cpeiJ,. npoI.\ecc B03MYIUCHHSI npHBOiJ,HT K OnpciJ,cllSlIOIUHM ypaBHcHHSlM, iJ,llSl cpeiJ,HerO '1HClla

pacnpoCTpaHcHHSI BOllHbI. 06paIUacTcSI CnCI.\HallbHOC BHHMaHHC Ha HCCOnpSl)l(CHHblC <!>OPMbl CpCiJ,HHX

'1HCCll BOllH, nCpnCHiJ,HaKyllSlpHblX HllH napallllcllbHblX K HanpaBllcHHIO CllOSl. npHBOiJ,S1TCSI 3aBHCHMOCTH

iJ,HCnCpCHH iJ,llSl 3THX rpynn nllOCKHX BOllH.


